A hybrid computational method of plane-wave and cylindrical-wave expansions for distributed Bragg-reflector (DBR) pillars is proposed. The plane-wave expansion is employed to represent the one-dimensional periodic structure of the DBR. The cylindrical-wave expansion is employed to describe the scattering by circular pillars with the DBR structure inside. This formalism enables us to calculate the radiation fields, t-matrices, scattering cross sections, photonic band structures, and quality factors of the DBR pillars. Furthermore, optical properties of arrayed DBR pillars are also investigated with the aid of the multiple-scattering method. Using this formalism, we demonstrate explicitly that high Q photonic band modes including the so-called bound states in continuum are obtained both in isolated and arrayed DBR pillars. We also present a novel formation of gapless Dirac-cone surface states in a three-dimensional photonic crystal composed of a two-dimensional periodic arrangement of core-shell DBR pillars.
I. INTRODUCTION
Channel waveguides with one-dimensional (1D) periodic modulations in refractive index, such as twodimensional (2D) photonic crystal (PhC) slab defect waveguides [1, 2] , optical fiber gratings [3] , and distributed Bragg reflector (DBR) pillars [4] are very important as a platform of slow light [5] , waveguide quantum electrodynamics [6] , chiral quantum optics [7] , and multiharmonic generation [8] . They are characterized by welldefined dispersion relations of light outside the light cone, having band gaps at the boundary of the Brillouin zone. The band gaps act as stop bands, in which light cannot propagate in the waveguides. Inside the light cone, quasi-guided modes are embedded in the radiation continuum, resulting in the Fano resonance [9] in light transport spectra. Such features are typical consequences of strongly modulated optical density of states (DOS) of the systems, giving rise to a variety of nontrivial phenomena relevant to light-matter interaction.
Here, we focus on circular DBR pillars (as well as coaxial optical fiber gratings of circular shapes), and propose an optimal computation scheme for them utilizing the circular symmetry. The reason why we choose these structures is that they have the simplest geometries, having periodic dielectric functions that depend solely on z coordinate (taken to be parallel to the waveguides) inside the structures. This feature together with the circular symmetry enables us to employ a combination of the plane-wave and cylindrical-wave expansions. If the periodic modulation in the z direction is absent, the analytic solution via the cylindrical wave expansion is available as the Mie scattering [10] . The plane-wave expansion is a first choice to describe the periodic modulation. Moreover, since the DBR structure with infinite extent in plane has the analytic solutions, we can go beyond the plane-wave expansion with inevitable Gibbs phenomena, via the eigenmode expansion [11] . We should note that a similar computational method but without the eigenmode expansion was proposed by Li and Engheta [12] .
Conventional methods to study such DBR pillars are general-purpose ones such as the finite-difference timedomain method [13] and finite-element method [14] . Although these methods are versatile, more optimized methods such as the one proposed in this paper are definitely in order. This is because optimized methods 1) generally have higher accuracy, 2) provide cross checks to the conventional methods, and 3) can be adapted to a wider class of materials having circular-symmetric permittivity tensor (uniaxial or magneto-optical ones) without reducing the numerical accuracy.
The proposed hybrid method allows us to investigate fundamental optical properties of isolated DBR pillars. We demonstrate its potential by evaluating the photonic band structure of a DBR pillar, inside and outside the light cone with high accuracy. In particular, bound states in continuum [15] due to a symmetry mismatch are clearly identified. Moreover, the multiple-scattering formalism [16] can be merged to the hybrid method. We also present a formalism to deal with 1D and 2D periodic arrays of DBR pillars, and demonstrate their band structures.
As a nontrivial application of the method, we consider domain walls in a three-dimensional (3D) PhC composed of a 2D periodic arrangement of DBR pillars. Such a 3D structure can exhibit a novel surface-state formation with Dirac-cone dispersion as shown in this paper. The Diraccone surface states are inherent in certain topological systems, particularly, topological insulators [17] . Therefore, our method can deal with topological photonics [18, 19] in a unique manner. This paper is organized as follows. In Sec. II, we present a theory of light scattering by isolated DBR pillars. Section III is devoted to describe the multiple scattering of light in parallel arrays of DBR pillars. In Sec. IV, we present the gapless surface-states formation in 3D PhCs composed of core-shell DBR pillars. Finally in Sec. V, we summarize the results. 
II. ISOLATED DBR PILLARS
Let us consider a light-scattering problem by a DBR pillar composed of alternating finite-height pillars with the circular cross section. The period is denoted as d, and the pillar axis is taken to be the z direction. A schematic illustration of the system under study is shown in Fig.  1 . Since there is the translational invariance in the z direction, we introduce Bloch momentum k z .
Suppose that an incident plane-wave light of angular frequency ω, momentum k 0 z , azimuthal angle φ 0 of wave vector, and polarization p 0 is coming from the outside. Its electric field is given by
Here, we omit a time-harmonic dependence of the radiation field, namely,
and the complex field F (x) is considered throughout the paper.
The incident light is then Bragg scattered by the DBR pillar, and the resulting scattered light is a superposition of propagating and evanescent waves of momentum k z + g z [being g z (= 2πZ/d) a reciprocal lattice] in the z direction. The incident and induced (scattered) electric fields outside the DBR pillar are written as
Here, J l is the Bessel function of integer order l, H l is the Hankel function of the first kind and integer order l, (ρ, φ, z) is the cylindrical coordinate, and [P β gz ] ll (β = M, N ) is the transformation matrix of the vector cylindrical waves [20] :
The M and N components stand for two transverse degrees of vector cylindrical waves [21] . The t-matrix that describes the light scattering by the DBR pillar is defined by
Here, we have the rotational symmetry about the cylindrical axis, so that the t-matrix is diagonal with respect to angular momentum index l. Such a t-matrix is also obtained in optical fiber gratings [3] and structured optical fibers with a periodic array of holes inside [22] .
In what follows we derive the t-matrix in two different schemes: the Fourier modal basis and layer-by-layer basis.
A. Fourier modal basis
In this scheme, the dielectric function and radiation field F inside the DBR pillar are expanded in the Fourier series as
Similarly, in the N polarization, the magnetic field is given by
and the electric displacement is obtained by Ampere's law ∇ × H = −iωD with H = B/µ 0 . In the same way, by diagonalizing the second term in Eq. (24), we obtain
Then, the radiation field inside the DBR pillar is expanded as a superposition of the M and N polarized eigenstates. The boundary condition of the radiation field at ρ = r 0 is the continuity of the tangential components of E and H fields between the regions inside and outside the DBR pillar, and is given by
By eliminating c β lα numerically, we obtain the t-matrix defined in Eq. (11).
B. Layer-by-layer basis
In the layer-by-layer basis, we solve the Maxwell equation analytically in each layer of the DBR, and consider the field continuity at the layer boundaries. The bound-ary condition in the radial direction of the DBR pillar is considered later. The consistency with the Bloch theorem results in a secular equation for the possible eigenmodes in the DBR.
In this basis, the so-called P and S polarizations are decoupled. In the P polarization, the electric field in two adjacent layers (see Fig. 1 ) is given by
Similarly, in the S polarization, the electric field becomes
By imposing the continuity in the tangential component of E and H together with the Bloch theorem, the secular equation of the eigenmodes in the DBR becomes
We have infinite number of solutions k σα (α = 1, 2, . . . )
for Eq. (38) , in which most solutions are evanescent, namely, k σα is not real. The field coefficients (a
Let us consider an orthogonality of the eigenmodes inside the DBR. In terms of the Fourier modal basis, the P polarization eigenstates satisfy
Here, k P α corresponds to σ N α of the Fourier modal basis. If the DBR is lossless, we have a hermitian matrix of [η] gzg z ≡ η gz−g z . In this case, two eigenstates having different eigenvalues (k P α ) 2 are orthogonal to each other as
Similarly, the S-polarization eigenstates satisfy
where k Sα corresponds to σ M α . Provided that the system is lossless, the orthogonality holds as
This orthogonality is nontrivial in the layer-by-layer basis, but is translated as
where a unit cell (UC) is taken to be
Using the Bessel-function expansion of the plane wave,
the P -and S-polarization eigenstates are written as
Since the eigenvalues of the DBR are free from the orientation of k , we introduce angular-momentum eigenstates by
Then, we expand the radiation field inside the DBR pillar by this basis:
The boundary condition of the radiation field at the pillar surface (ρ = r 0 ) reads
where
Here, we expand the right hand side of Eqs. (69) and (71) in terms of the S-and P -polarized eigenmodes ψ σα (z), respectively, and compare the eigenmode-expansion coefficients between the left hand side and right hand side of these equations. Therefore, we have 2N e equations, where N e stands for the number of the eigenmodes for each polarization, taken into account in the numerical calculation. On the other hand, we Fourier-expand the left hand sides of Eqs. (70) and (72), and compare the Fourier-expansion coefficients. We thus obtain 2N r equations, where N r is the number of the reciprocal lattices g z taken into account in the numerical calculation. In this way we have 2(N e + N r ) linear equations for 2(N e + N r ) unknown coefficients (C σα l and ψ βind lgz ) per each l, provided the vector-cylindrical-wave expansion coefficients ψ β0 lgz of the incident light. The t-matrix is thus obtained.
C. Core-shell DBR pillars
So far, we have focused on a simple DBR pillar composed of alternating finite-height pillars with the circular cross section. In a core-shell DBR pillar, we have the DBR of the inner core capped by homogeneous medium as the outer shell. However, it is rather easy in formulation to generalize the homogeneous outer shell to another DBR structure with the same period as in the core. In this case, for the core region we employ the same expansion with the Bessel function as in Eqs. (20) and (26) for the Fourier modal basis or in Eq. (68) for the layer-bylayer basis. However, for the outer shell we expand the radiation field with both the Bessel function and Hankel function of the first kind. By imposing the boundary condition of the continuity of the radiation field at the interface between the core and shell, we obtain the tmatrix of the core-shell DBR pillar. As far as coaxial (concentric) core-shell structures are considered, the resulting t-matrix is still diagonal with respect to angular momentum index l.
D. 1D photonic band structure
Once we have the t-matrix numerically, we can evaluate various optical responses of the DBR pillar. The most important information here is the 1D photonic band structure, from which we can understand many features of the optical responses. The 1D photonic bands consist of true-guided modes outside the light cone ω < c|k z | and quasi-guided modes inside the light cone ω > c|k z |. The latter modes merge with the radiation continuum and thus have finite life times.
To evaluate the band structure of the true-guided modes, we just need to solve
For the quasi-guided modes, we first evaluate the optical density of states (DOS) as a function of ω and k z , and then follow its peaks. The DOS of the modes with angular momentum l is given by
where g o z represents open diffraction channels. Matrix U l defined above is unitary in lossless cases. Strictly speaking, ∆ρ l (ω, k z ) is the increment of the optical DOS (relative to the DOS in vacuum) due to the presence of the DBR pillar, at fixed ω and k z .
Around the resonance frequency ω c of a quasi-guided mode, the relevant determinant behaves like [23] 
which results in the Lorentzian form of the DOS:
The quality factor Q of the mode is simply given by Q = ω c /(2Γ). Figure 2 shows the 1D photonic band structure and quality factors of a typical DBR pillar. One can see clearly the photonic band structure formation both inside and outside the light cone. Outside the light cone ω < c|k z |, only a few modes of l = 0, ±1 exist. The degenerate single-mode region of l = ±1 is ωd/2πc < 0.45. Inside the light cone, many bands of the quasi-guided modes are found. Some of them have high Q with welldefined dispersion curves, but some of them have low Q having ill-defined dispersion curves terminated off the Brillouin-zone boundary. It is remarkable The Q value spectrum of l = 0 exhibits the sharp peaks at k z = 0. In fact, the Q value becomes infinity there for certain modes of l = 0. This is the socalled bound states in the continuum [15] which is caused by a symmetry mismatch. Such modes commonly have vanishing ψ βind l=0;gz=0 components. Let us consider why this happens. Possible continuum radiation modes that can couple to the eigenmodes of zero Bloch momentum (k z = 0) are in-plane (xy plane) propagating modes. The Bragg-diffraction channels of g z = 0 are all evanescent provided ω < 2πc/d, so that we can neglect them. Suppose that the in-plane modes are propagating in +y direction, for instance. They are given by a superposition of E =ẑ exp(iqy) andx exp(iqy). These basis have (σ x , σ z ) = (1, −1) and (σ x , σ z ) = (−1, 1), respectively, where σ x(z) is the parity eigenvalue in the x(z) direction. Besides, the eigenmodes of l = 0 at k z = 0 in the DBR pillar are also classified by the parities. If an eigenmode has (σ x , σ z ) = (1, 1) or (-1,-1), it cannot couple to the external propagating radiation because of the symmetry mismatch. Therefore, it has infinite Q. The parity constraint on ψ βind l=0;gz is as follows:
Therefore, if an eigenmode has (σ x , σ z ) = (1, 1) or (-1,-1), it has vanishing ψ M ind l=0;gz=0 and ψ N ind l=0;gz=0 . This is the case happened for the quasi-guided modes of Q = ∞ in Fig. 2 (b) .
We can also find peaks of the Q value at genetic points in the Brillouin zone. This is a precursor of the bound states in the continuum not caused by a symmetry mismatch. Such phenomena are predicted for DBR pillars by Bulgakov and Sadreev [24] and Gao et al [25] .
The presence of high Q quasi-guided modes inside the light cone has a strong influence on light scattering by the DBR pillars. Let us consider the scattering cross section by the DBR pillar. The (elastic) scattering cross section σ cs of the DBR pillar is given by
where f g o z (φ) describes the far-field pattern of the induced radiation field:
In a uniform pillar of infinite height, the scattering cross section approaches to the twice of the geometric cross section (diameter of the circular pillar) in the high-frequency limit. Figure 3 (a) shows the scattering cross section as a function of frequency for the P and S-polarized incident light. The P-polarization stands for the electric-field polarization inside the incident plane (the plane formed by the incident wave vector and vector parallel to the pillar axis). The S-polarization is the polarization perpendicular to the incident plane. The normal incidence (k 0 z = 0) is assumed. The cross-section spectrum exhibits a sequence of peaks. As we can easily check, the peak positions corresponds to the photonic band modes at k z = 0 given in Fig. 2 (a) . If the mode concerned has high Q, the relevant peak becomes sharp. If the mode has infinite Q, however, the mode is invisible in the cross-section spectrum. The Electric-field configuration induced by the incident light of S-polarization at a sharp peak of ωd/2πc = 0.75 is shown in Fig. 3 (b) . The Electric field is strongly enhanced inside the DBR pillar. Also, the dipole-like profile of l = 1 is clearly visible. The relevant mode at ωd/2πc = 0.75 in Fig. 2 (a) certainly has l = 1.
For oblique incidence, similar spectra with a sequence of peaks are obtained. In this case, the peak frequencies corresponds to the photonic band modes on the line of k z = (ω/c) sin θ inc with incident angle θ inc , in Fig. 2 (a) . In this way, the 1d photonic band structure is very useful to understand optical properties of the DBR pillar
III. ARRAY OF DBR PILLARS
It is straight-forward to apply the formalism to periodic and random arrangements of the DBR pillars. In such structures, further nontrivial phenomena of light transport and light-matter interaction can take place because of multiple scattering among the DBR pillars. In a periodic case, the system can be regarded as a 2D or 3D PhC, so that it has a plenty of interesting phenomena in optics [26] . In a random case, the Anderson localization of light becomes enriched.
To study such systems, the multiple-scattering formalism [16] is employed. Suppose that we have a parallel arrangement of DBR pillars with the same period d. The central coordinate and t-matrix of µ-th DBR pillar (µ = 1, 2, ..., N ) are denoted by (ρ µ , z µ ) and [t µl ] ββ gzg z , respectively. The incident radiation field to and induced radiation fields from the µ-th DBR pillar are expressed as
The self-consistent equation for the induced radiation field via the multiple scattering is given by
This equation becomes a foundation in the following part of the paper.
A. 1D periodic arrays
A 1D periodic array of DBR pillars forms a 2D PhC slab. In this system, the so-called layer-Korringa-KohnRostoker (KKR) method [27] [28] [29] can be employed. The method allows us to study light transport in the 2D PhC slab composed of DBR pillars. Also, possible surface or planer-defect states in a 3D PhC composed of DBR pillars can be investigated with this formulation. The key ingredient is the S-matrix of the 2D PhC slabs.
Let us consider the light scattering by a one-monolayerthick PhC slab. A schematic illustration of the system under study is shown in Fig. 4 . The one-monolayer slab consists of a 1D periodic arrangement (in the x direction) of the DBR pillars. The lattice constant is taken to be a x .
The central coordinate of the µ-th DBR pillar is given by
where s is the index that counts the number of the DBR pillars in a unit cell. Suppose that an incident light is coming from both the upper and lower empty space in the y direction. The incident electric field is generally written as
The induced electric field in the upper(+) and lower(-) empty space is written as
where S
↔ ±±
gg is the S-matrix. Using the multiple scattering formalism, the S-matrix is given by
In Eq. (103), the prime in the real lattice sum over n x means that for s = s , n x = 0 is excluded, but for s = s , n x = 0 is included. This lattice sum can be efficiently calculated with the Ewald method [20, 30] .
The S-matrix describes the light scattering by the monolayer. The scattering by an N -layer-thick slab can be obtained by a layer-by-layer construction [27] .
As an example, let us consider the 2D photonic band structure for the monolayer of the DBR pillars. The 2D band structure again consists of the true-guided modes outside the light cone ω < c k 2
x + k 2 z and the quasiguided modes inside the light cone ω > c k 2 x + k 2 z . The latter modes have finite life times by the mixing with th radiation continuum.
The dispersion relation of the guided modes are obtained by
On the other hand, the dispersion relation of the quasiguided modes is given by the peak of the optical DOS [31] ∆ρ(ω, k x , k z ) = 1 2π
where g o represents the open diffraction channels. The matrix U is shown to be unitary provided that the DBR pillars are lossless.
A typical 2D band structure of the simple monolayer is shown in Fig. 5 . We can see clearly the band structure formation inside and outside the light cone. The Q values for the quasi-guided modes are also plotted in a narrow frequency window. Again, infinite Q is obtained at the Γ point. This is also the bound states in continuum due to the symmetry mismatch between the quasi-guided eigenmodes at Γ and radiation continuum modes there [32] . In this system, we have the C 2v symmetry in the xz plane. Therefore, the eigenmodes are classified according to the parities σ x and σ z . The radiation continuum modes have either (σ x , σ z ) = (1, −1) or (σ x , σ z ) = (−1, 1) below the Bragg-diffraction threshold ωa/2πc = 1. The eigenmodes of (σ x , σ z ) = (1, 1) and (σ x , σ z ) = (−1, −1) do not couple to the radiation continuum, so that they have infinite Q.
B. 2D periodic arrays
In a 2D periodic array of DBR pillars, the so-called bulk-KKR method [33] [34] [35] can be employed. The method allows us to study the photonic band structure in the bulk 3D PhC composed of DBR pillars.
Suppose that the 2D lattice consists of a periodic array of aligned DBR pillars. Their central positions are denoted by
where e 1 and e 2 are the elementary lattice vector in the xy plane. In this case, the Bloch theorem is applied, so that the vector-cylindrical-wave-expansion coefficients of the induced radiation field satisfies
Here, k = (k x , k y ) is the 2D Bloch momentum. The secular equation for the bulk eigenmodes is given by
Here, the prime in the real lattice sum in Eq. (114) means for s = s , R = 0 is excluded, whereas for s = s , R = 0 is included. This lattice sum can be efficiently evaluated by the Ewald method [20, 35] . Here, we re-calculate the 3D photonic band structures of the systems studied in Ref. 36 (a 3D PhC composed of the square-lattice of core-shell DBR pillars), with the present formalism. The results are shown in Fig. 6 . The results reproduce the previously obtained results with the rigorous coupled-wave analysis (RCWA). The computational speed here is generally faster than in the RCWA. In the gap around ωa/2πc = 0.25, gapless surface states emerge, as shown in the next section.
IV. GAPLESS SURFACE STATES IN CERTAIN 3D STRUCTURES
As a nontrivial application of the present formalism, we consider a novel formulation of gapless surface states in a 3D PhC composed of core-shell DBR pillars.
In an author's previous work, he presented a recipe to create gapless surface states in a certain class of 3D PhCs [36] . It typically includes a 2D periodic array of core-shell DBR pillars. There, we first considered a 3D tetragonal PhC composed of the square lattice of simple DBR pillars. Then, we tuned system parameters (such as radius or height or dielectric constant of the finiteheight pillars), in such a way that an accidental degeneracy takes place at certain k points of high symmetry in the 3D Brillouin zone. After that, we introduced a core-shell structure that breaks a parity symmetry in the pillar axis, reducing the point group symmetry of the PhC from D 4h to C 4v . This perturbation opens a gap and the gap was shown to support gapless surface states in a surface normal to the pillar axis. These results are well explained analytically by an effective hamiltonian and numerically by the RCWA.
However, the effective hamiltonian is highly anisotropic. In one orientation of surfaces (normal to the pillar axis), we can easily show the effective hamiltonian has the solution of the gapless surface states. However. it is not the case for the other orientations. The RCWA also has the same tendency. Thus, it is not clear how the surface states in the other surface orientations look like. To answer this question, we study the surface states in the tetragonal PhC of the core-shell DBR pillars in the present formalism. A schematic illustration of the system under study is shown in Fig. 7 . The surface (to be strict, domain-wall) state dispersion relation is obtained by solving the following secular equation:
where S ±± L(R) is the S-matrix of the left (right) domain. Ideally, we need the S-matrix of semi-infinite systems to screen the radiation field by the bulk band gap in the left and right domains, but in practice, S-matrices of finitethick slabs are enough.
We consider two surface orientations. One is normal to ΓX, and the other is normal to ΓM . The results are shown in Fig. 8 . As seen clearly, we commonly have gapless surface states with two anisotropic Dirac cones. The Dirac points are located on k z = 0. The surface state dispersion merge with the band edge of the bulk band structure.
We also note the Dirac-cone dispersion does not change even after shifting the relative position between the two domains. As far as we checked, the Dirac point just moves a bit depending on the relative position. The gaplessness of the surface states is unchanged. In this sense, the gapless surface states are robust against changing domain-wall profiles, like as in the gapless domain-wall fermion in the 2D Dirac hamiltonian [37] .
To convince the Dirac-cone formation, we consider the Berry phase of the surface states around the Dirac points. The Berry phase γ B is defined as
where the integration path is a closed loop in the momentum space of the surface Brillouin zone. Here, the 
inside the void space between the two domains. In the actual calculation of γ B , we employ a gauge-invariant discretized version of Eq. (116) [38] .
We found that the Berry phase converges to γ B = ±π if the loop contains the Dirac point inside and shrinks to it. Off the Dirac point, the Berry phase converges to γ B = 0. It is well known the Berry phase around the Dirac point is ±π [39] . Therefore, our system certainly has the Dirac points.
In our system, we have the time-reversal symmetry and at most parity symmetry k x → −k x depending on the relative position between the two domains. Thus, the Berry curvature Ω(k) of the domain-wall state satisfies the following symmetry relations:
These equations imply that the Berry curvature is generally nonzero, in contrast to the systems with the both time-reversal symmetry and space-inversion symmetry, where the Berry curvature vanishes. However, if the loop shrinks to a point, then the Berry phase vanishes. An exception is that the point has some singularity. This is the case in our system, namely, we have a singularity of the Dirac point in a sense that the two bands become degenerate there. The Berry phase of ±π implies a spin-momentum locking of the domain-wall state. Suppose that a certain reciprocal-lattice component g d is dominating in the domain-wall states. Then, we can fairly neglect the other reciprocal-lattice components. Let us fix the gauge such that the S polarization component is real and positive. Here, we refer the gauge transformation to as C 
The Berry curvature is now written as
Along the loop on which P -and S-polarized components contribute equally, we have cos 2 φ = 1/2, so that α winds 2π. Namely, the P -polarized component relative to the S-polarized one has the winding feature in its argument. This phenomenon is a kind of the photospin-momentum locking, found in a 3D photonic topological insulator [40] .
V. SUMMARY
In summary, we have presented a hybrid method of the plane-wave and cylindrical-wave expansions for isolated DBR pillars. After presenting fundamental properties of isolated DBR pillars, such as 1D photonic band structures, we have shown that the bound states in continuum emerge in the DBR pillars owing to a symmetry mismatch. The method was then applied to periodic arrays of DBR pillars which form 2D or 3D PhCs. In particular, the S-matrices of 2D PhCs have been derived explicitly, and a typical 2D band structure with Quality factors has been shown. Again, the bound states in continuum at the Γ point are found. As a nontrivial application of the present formalism, we have presented a novel formation of gapless surface (domain-wall) states with two Dirac cones in a certain 3D PhC composed of core-shell DBR pillars. The presence of the Dirac cones are verified by calculating Berry curvature and a possible photospin-momentum locking scenario has been derived.
